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An extension of the QSQH theory is proposed. It takes into account the fluctuations of
the large-scale component of the wall friction. The extended theory applies to all three
velocity components of near-wall turbulent flows. It explains the large sensitivity of the
fluctuations of longitudinal and spanwise velocities to variations in the Reynolds number
in comparison with the sensitivity of the mean velocity profile, the Reynolds stress,
and the wall-normal velocity fluctuations. The analysis shows that the variation of the
longitudinal velocity fluctuations with the Reynolds number is dominated by the variation
of the amplitude and wall-normal-scale modulation of the universal mean velocity profile
by the outer, large-scale, Reynolds-number-dependent motions. The variation of spanwise
velocity fluctuations is dominated by the fluctuations of the direction of the large-scale
component of the wall friction. The Reynolds number dependence of the other second
moments is not dominated by these mechanisms because the mean wall-normal velocity
and the mean spanwise velocity are zero. In particular, for a plane channel flow at the
friction Reynolds number in the range of a few thousands the effect of the variation
of the mean pressure gradient with the Reynolds number is stronger than the QSQH
mechanisms as far as the variation of the Reynolds stress is concerned. The paper also
covers the approximate nature of the QSQH theory and the advantages of using the units
and variables of the QSQH theory instead of the wall units when the effect of large-scale
motions on the near-wall turbulence is relevant.
1. Introduction
The modern understanding of near-wall turbulence has been largely built on the basis
of the classical universality hypothesis, according to which as the Reynolds number, Re,
tends to infinity, the characteristics of the near-wall part of a turbulent boundary layer, if
expressed in wall units, become independent of Re and other factors such as the pressure
gradient. However, research in the last two decades has shown that this hypothesis is at
least inaccurate. High-Re turbulent near-wall flows exhibit two peaks in the turbulent
kinetic energy profile (see e.g. Smits et al. 2011). The first peak is located in the buffer
layer, while the distance from the wall to the second, “outer”, peak varies with Re. The
outer peak is caused by turbulent fluctuations at characteristic length scales that are
significantly larger than those causing the inner peak (Hutchins & Marusic 2007). These
outer large-scale motions and the inner small-scale motions located in the near-wall region
interact (Rao et al. 1971; Mathis et al. 2009; Ganapathisubramani et al. 2012). Marusic
et al. (2010) proposed the widely known empirical relation describing this interaction.
Since the large-scale motions are not Re-independent if expressed in wall-units, the
scale interaction invalidates the classical universality hypothesis. The recently developed
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Quasi-Steady-Quasi-Homogeneous (QSQH) theory (Chernyshenko et al. 2012; Zhang &
Chernyshenko 2016; Chernyshenko et al. 2019) remedies this. In essence, the QSQH hy-
pothesis states that the small-scale near-wall motions adapt to the large-scale fluctuations
of the wall shear stress.
Results agreeing to various degree with the QSQH theory were obtained in
(Chernyshenko et al. 2012; Agostini & Leschziner 2014, 2018; Zhang & Chernyshenko
2016; Baars et al. 2016, 2017; Agostini et al. 2017; Howland & Yang 2018; Chernyshenko
et al. 2019; Zhang 2019; Agostini & Leschziner 2019a; Lozier et al. 2019). The theory
was performed better for higher Re and smaller distances to the wall. In most cases,
significant deviations occurred only for y+ > 70 wall units.
Agostini & Leschziner (2019b) attempted to extend the QSQH theory stated originally
for the longitudinal velocity only, to the spanwise and wall-normal velocity components,
and found that while for the wall distance y+ < 70 the behaviour of the longitudinal,
u, and wall-normal, v, velocity components was in approximate agreement with their
extension of the QSQH theory, the behaviour of the spanwise velocity component w was
in a noticeable disagreement even in the close vicinity of the wall. They attributed this
discrepancy to the effect of the wall-normal component of the large-scale motions, but
also mentioned that taking into account that the wall friction is a vector, as suggested
by Zhang & Chernyshenko (2016), might improve the performance of the theory.
The observed discrepancy is intriguing because velocity components are related by the
continuity equation and, at a first glance, an agreement in two components should lead
to an agreement in the third component.
Research involving comparisons for all three velocity components is likely to be con-
tinuing. It is therefore timely to provide the formulation of the QSQH theory taking into
account the fluctuation of the direction of the large-scale wall friction. This is the main
goal of the present paper. First results within the extended theory and a brief discussion
will also be presented.
2. Extension of the QSQH theory to all velocity components
We assume that there is a suitable definition of large scales and small scales. Let
the wall friction be represented as a sum of the large-scale and small-scale components:
τ ∗ = τ ∗L + τ
∗
S . If the large-scale component τ
∗
L were independent of time, while the
small-scale component had zero time average, one could use wall units based on τ ∗L,
which would coincide with the time-averaged wall friction, and expect that near the wall
the flow statistics expressed in wall units would be (approximately) independent of Re
and other factors, including τ ∗L. The QSQH theory assumes that the same remains true
even when τ ∗L is dependent on time and the wall-parallel coordinates. Physical meaning of
this hypothesis is therefore that the near-wall flow adjusts to the large-scale wall friction
as if it were constant in time and homogeneous in space.
In the rest of the paper all quantities will be made non-dimensional using the kinematic
viscosity ν∗ and the average magnitude of the large-scale friction velocity
〈
u∗τL
〉
=〈√|τ ∗L(t, x, z)|/ρ∗〉, where ρ∗ is the density and the angular brackets denote averaging.
In these units 〈uτL〉 = 1. The commonly used wall units based on 〈τ∗(t, x, z)〉 and ν∗
are very close quantitatively, at least for moderate Re, when the fluctuations of the
magnitude of large-scale motions are small.
The large-scale component of the wall friction τL(t, x, z) is a vector. A local coordinate
system with an axis along the direction of τL(t, x, z) shown in figure 1 and the coordinate
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Figure 1. The coordinate systems: x is in the direction of the mean flow, xθ is in the direction
of the large-scale component of the wall friction, y and yθ coincide, being in the wall-normal
direction, z and zθ are in the wall plane and perpendicular to x and xθ respectively. The angle
θ is measured clockwise if looked at from above the wall.
system x, y, z aligned with the mean flow direction are related by the formulae
xθ = x cos θ − z sin θ, yθ = y, zθ = x sin θ + z cos θ, (2.1)
u = uθ cos θ + wθ sin θ, v = vθ, w = −uθ sin θ + wθ cos θ. (2.2)
Note that the angle θ between the large-scale friction direction and the mean friction
direction is a “large-scale” parameter.
The main relationships of the extended QSQH theory are
uθ(t, xθ, yθ, zθ,Re) = uτL u˜(t˜, x˜, y˜, z˜), (2.3)
vθ(t, xθ, yθ, zθ,Re) = uτL v˜(t˜, x˜, y˜, z˜), (2.4)
wθ(t, xθ, yθ, zθ,Re) = uτLw˜(t˜, x˜, y˜, z˜), ), (2.5)
t˜ = tu2τL , x˜ = xθuτL , y˜ = yθuτL , z˜ = zθuτL . (2.6)
Even though (2.3-2.6) do not involve θ, the statistics of u, v, and w depend on the
statistics of θ since it enters (2.1,2.2).
If uτL and θ were independent of time then uτL would be equal to 1, the averaged
large-scale friction would be equal to the mean friction, our non-dimensional units would
coincide with the wall units, u˜, v˜, w˜ would be the velocity components in wall units
u+, v+, w+, and t˜, x˜, y˜, z˜ would be the time and coordinates in wall units t+, x+, y+, z+.
Equations (2.3-2.6) are the QSQH theory refinement suggested, although not explic-
itly formulated, by Zhang & Chernyshenko (2016). If only the magnitude of the wall
friction but not its direction fluctuates, that is θ = 0, then (2.3) coincides with (5) in
Chernyshenko et al. (2012), and (2.4,2.5) are the assumptions implied by Agostini &
Leschziner (2019b).
Many applications of the QSQH theory require large scales to be defined. Zhang
& Chernyshenko (2016) circumvented this by specifying only a few properties of the
large-scale filter, L, that, applied to the total field, gives the large-scale component
of this field. For completeness, we list these properties here. For any constants a and
b and functions f(t, x, y, z) and g(t, x, y, z): (i) L(af + bg) = aL f + bL g (linearity),
(ii) L 〈f〉 = 〈f〉 (invariance of averages: the averaged variables are large-scale), (iii)
L L f = L f (projection property: the large-scale filter does not change an already
large-scale-filtered function), (iv) 〈L f〉 = L 〈f〉 (commuting with averaging), and (v)
scale-separation property: applying the large-scale filter to any function of t, x, y, z and
other arguments that are large-scale-filtered variables is equivalent to averaging over the
4 S. Chernyshenko
homogeneous directions and/or time t, x, and z with the other arguments held constant:
L f(t, x, y, z, Lg1, . . . ,L gn) = 〈f(t, x, y, z, ξ1, ..., ξn)〉ξ1=L g1,...,ξn=L gn .
The important fifth property expresses the reason why the QSQH theory might
describe the scale interaction in near-wall turbulence. Property (v) will be satisfied to
the extent to which the characteristic dimensions of the large scales are much larger than
the characteristic dimensions of small scales. Since turbulent flows have a continuum
spectrum, the largest small-scale motions cannot be much smaller than the smallest
large-scale motions. Hence, for turbulent flows the QSQH theory is only approximate
even as Re tends to infinity. The quality of its predictions depends on how well the
large-scale filter used by the researcher satisfies the fifth property.
The full statement of the 3D QSQH theory consists of: relations (2.3-2.5), the as-
sumptions that for t˜, x˜, y˜, and z˜ held constant,
(
u˜(t˜, x˜, y˜, z˜), v˜(t˜, x˜, y˜, z˜), w˜(t˜, x˜, y˜, z˜)
)
and
(uτL , θ) are statistically independent, and that, also for t˜, x˜, y˜, and z˜ held constant, the
statistical properties of
(
u˜(t˜, x˜, y˜, z˜), v˜(t˜, x˜, y˜, z˜), w˜(t˜, x˜, y˜, z˜)
)
and (uτL , θ) are independent
of Re and other large-scale factors such as the steady pressure gradient or smooth wall
curvature, and the five properties of the large-scale filter, of which (v) is particularly
significant.
If only the statistics that are one-point in wall-parallel directions and time are consid-
ered, shifting the coordinate origin to the point and time of interest makes t = x = xθ =
z = zθ = 0. Then with zero arguments omitted (2.1-2.5) reduce to
u/uτL = u˜(yuτL) cos θ + w˜(yuτL) sin θ, (2.7)
v/uτL = v˜(yuτL), (2.8)
w/uτL = −u˜(yuτL) sin θ + w˜(yuτL) cos θ. (2.9)
Further considerations in the present paper will refer to this case.
Typical application of the QSQH theory involves expressing the flow statistics
in terms of the statistics of the universal velocity (u˜, v˜, w˜) and the statistics of
uτL and θ. The relevant techniques can be illustrated with the simple example of
mean velocity. From (2.7), U(y) = 〈u(y)〉 = 〈uτL (u˜(yuτL) cos θ + w˜(yuτL) sin θ)〉.
From the filter properties (ii) and (iv) it follows that 〈f〉 = 〈L f〉 for any f. Hence,
U(y) = 〈LuτL (u˜(yuτL) cos θ + w˜(yuτL) sin θ)〉. By property (v), LuτL u˜(yuτL) cos θ =
uτLU˜(yuτL) cos θ, where U˜(y˜) = 〈u˜(y˜)〉. Note that W˜ (y˜) = 〈w˜(y˜)〉 = 0 from symmetry.
Finally, U(y) =
〈
uτLU˜(yuτL) cos θ
〉
. For Re achievable so far in direct numerical
simulations the amplitude of the fluctuation of large-scale motions is small. Constructing
a truncated Taylor expansion in powers of θ and u′τL = uτL − 1 or their statistical
moments is fruitful, but requires a caution in determining the sufficient number of terms.
For the mean velocity it gives
U(y) = U˜(y) +
〈
u′2τL
〉 d
dy
y2
2
dU˜
dy
− 〈θ2〉 U˜(y)
2
+ . . . . (2.10)
This completes a brief description of the theory including the properties of the filter and
the ideas of the main techniques used in the applications. Now we will show that taking
into account the fluctuations of the direction of large-scale friction makes a difference.
3. Dependence of mean velocity and second moments on Re
3.1. Sensitivity of mean velocity and the second moments to changes in Re
It is known but remained unexplained so far that both in absolute and in relative
terms the variation of u2rms =
〈
u′2
〉
and w2rms =
〈
w′2
〉
with Reτ is much greater than
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Figure 2. The DNS data for Reτ = 950, 2000 and 5200 showing that u
2
rms and w
2
rms vary with
Reτ significantly more than U , v
2
rms and τR = 〈u′v′〉. The three curves for U overlap.
the variation of U(y), v2rms =
〈
v′2
〉
, and the Reynolds stress τR = 〈u′v′〉 (see figure 2).†
Applying the same technique as used to derive (2.10) and using the natural assumption
that V˜ (y˜) = 〈v˜(y˜)〉 = 0 and W˜ (y˜) = 〈w˜(y˜)〉 = 0 gives
u2rms(y) = u˜
2
rms(y) +
〈
u′2τL
〉(dyU˜
dy
)2
+
1
2
d2y2u˜2rms
dy2
+ 〈θ2〉 (w˜2rms − u˜2rms)+ . . . , (3.1)
v2rms(y) = v˜
2
rms(y) +
1
2
〈
u′2τL
〉 d2y2v˜2rms
dy2
+ . . . , (3.2)
w2rms(y) = w˜
2
rms(y) +
1
2
〈
u′2τL
〉 d2y2w˜2rms
dy2
+
〈
θ2
〉 (
U˜2 + u˜2rms − w˜2rms
)
+ . . . , (3.3)
〈u′v′〉 (y) = τ˜R(y) + 1
2
〈
u′2τL
〉 d2y2τ˜R
dy2
− 1
2
〈
θ2
〉
τ˜R + . . . , (3.4)
where u˜2rms(y˜) =
〈(
u˜(y˜)− U˜(y˜)
)2〉
, v˜2rms(y˜) =
〈
v˜2
〉
, w˜2rms(y˜) =
〈
w˜2
〉
, and the universal
mean Reynolds stress τ˜R(y˜) =
〈(
u˜(y˜)− U˜(y˜)
)
v˜(y˜)
〉
.
In the right-hand sides of (2.10) and (3.1-3.4) only
〈
u′2τL
〉
and
〈
θ2
〉
vary with Re. In
(2.10),
〈
u′2τL
〉
and
〈
θ2
〉
are multiplied by a factor of the same order of magnitude as U(y)
itself. Since variation of U(y) with Re is very small, the corresponding variation of
〈
u′2τL
〉
and
〈
θ2
〉
should also to be small. Indeed, for Reτ in the range being considered (between
950 and 5200), the amplitude of large-scale motions is small. For example, for the filter
used in (Zhang & Chernyshenko 2016),
〈
u′2τL
〉
= 0.004364 = 4.364 · 10−3 for Re = 1000,
and for the filter used in (Zhang 2019)
〈
u′2τL
〉
= 0.0031 for Reτ = 950 and
〈
u′2τL
〉
= 0.0064
for Reτ = 4200. This allows to conclude that U˜(y) ≈ U(y), and by the order of magnitude
u˜2rms ∼ u2rms, v˜2rms ∼ v2rms, w˜2rms ∼ w2rms, and τ˜R ∼ 〈u′v′〉 (y). Using this for estimating the
terms in (2.10) and (3.1-3.4) shows that u2rms(y) and w
2
rms(y) stand out. In (3.1)
〈
u′2τL
〉
is
multiplied by (dyU˜/dy)2 and in (3.3)
〈
θ2
〉
is multiplied by U˜2. These factors are large. At
y+ = 40 for example, (dyU˜/dy)2 ≈ 285, which is almost 50 times greater than u2rms ≈ 6,
and U˜2 ≈ 203, which is almost 85 times greater than w2rms ≈ 2.4. There are no such
large terms in (2.10), (3.2), and (3.4). The term
〈
u′2τL
〉
(dyU˜/dy)2 describes the combined
† We used the direct numerical simulations (DNS) of a plane channel flow data available at
the turbulence.oden.utexas.edu file server and were obtained in the calculations described in
(Hoyas & Jime´nez 2006; Lee & Moser 2015). For the analysis, we fitted the velocity average and
its nonzero second moments with explicit expressions. The fit is described in the Supplement.
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Figure 3. Comparison of the increments of the second moments as Reτ changes from 2000 to
5200. Thin curves are DNS results. The QSQH predictions are (3.9), shown with solid curves,
and (3.5-3.8), shown with dashed curves. The dotted curve is y+∆dp+/dx+. The fit parameters
are ∆
〈
θ2
〉
= 0.0016 and ∆
〈
u′2τL
〉
= 0.0025.
action of the amplitude modulation and modulation of the wall-normal length scale of
the universal mean profile, which is a QSQH mechanism described in (Chernyshenko
et al. 2012; Zhang & Chernyshenko 2016). The term
〈
θ2
〉
U˜2 describes the turning of the
universal mean profile to follow the fluctuating direction of the large-scale wall friction.
Such large terms are not present in the expressions for other quantities. This explains
why u2rms and w
2
rms vary more with Re than U , w
2
rms and 〈u′v′〉.
3.2. The profiles of the change in the second moments with Re
The precise values of
〈
u′2τL
〉
and
〈
θ2
〉
and the statistics of the universal velocity depend
on the definition of the large-scale filter. Luckily, since
〈
u′2τL
〉
and
〈
θ2
〉
are small, U˜ is
known quite accurately, and the second moments can be estimated approximately by
taking u˜2rms ≈ u2rms, v˜2rms ≈ v2rms, w˜2rms ≈ w2rms, and τ˜R ≈ 〈u′v′〉. Moreover, the dominance
of the terms
〈
θ2
〉
U˜2 and
〈
u′2τL
〉
(dyU˜/dy)2 allows to express the shape of the increase in
u2rms and w
2
rms with Re as a function of the wall distance in terms of the shape of the
mean velocity profile only.
Using (3.1-3.4), the increments of the second order moments between two values of Re
can be expressed in terms of the increments of
〈
u′2τL
〉
and
〈
θ2
〉
as
∆u2rms = ∆
〈
u′2τL
〉(dyU˜
dy
)2
+
1
2
d2y2u˜2rms
dy2
+∆〈θ2〉 (w˜2rms − u˜2rms)+ . . . , (3.5)
∆v2rms =
∆
〈
u′2τL
〉
2
d2y2v˜2rms
dy2
+ . . . , (3.6)
∆w2rms =
∆
〈
u′2τL
〉
2
d2y2w˜2rms
dy2
+∆
〈
θ2
〉 (
U˜2 + u˜2rms − w˜2rms
)
+ . . . , (3.7)
∆〈u′v′〉 = ∆
〈
u′2τL
〉
2
d2y2τ˜R
dy2
− 1
2
〈
θ2
〉
τ˜R + . . . , (3.8)
If the terms we identified to be small are dropped, this becomes
∆u2rms ≈ ∆
〈
u′2τL
〉(dyU˜
dy
)2
, ∆w2rms ≈ ∆
〈
θ2
〉
U˜2, ∆v2rms ≈ ∆〈u′v′〉 ≈ 0. (3.9)
Without the filter being specified, ∆
〈
u′2τL
〉
and ∆
〈
θ2
〉
remain unknown. It is still
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possible to compare if not the magnitude but at least the shape of the curves of ∆u2rms(y)
and ∆w2rms(y) with the QSQH prediction (3.9). For Reτ changing from 2000 to 5200 this
prediction is shown in figure 3 with thick solid lines. For illustrative purpose we chose the
values ∆
〈
θ2
〉
= 0.0016 and ∆
〈
u′2τL
〉
= 0.0025 †. (An alternative is to take a logarithmic
derivative as in figure 12 of (Zhang & Chernyshenko 2016), but this would not apply
for other formulae here.) Overall, the deviation of the QSQH predictions for ∆u2rms and
∆w2rms is not large and is of the same order of magnitude as reported in most cases in
(Zhang & Chernyshenko 2016). This further confirms that near the wall the variation of
u2rms and w
2
rms with Re is dominated by the QSQH mechanism.
The values ∆
〈
θ2
〉
= 0.0016 and ∆
〈
u′2τL
〉
= 0.0025 can also be used in (3.6-3.8).
Predictions obtained with these values are shown in figure 3 with dashed lines. The
small difference between the QSQH predictions for ∆u2rms and ∆w
2
rms obtained using
(3.9) and (3.5,3.7) confirms that the terms dropped in (3.9) are small.
The QSQH predictions for ∆v2rms and ∆〈u′v′〉 deviate considerably, by an order of
magnitude, from the DNS results. The almost linear behaviour of ∆〈u′v′〉 for y+ > 20
suggests an explanation. It is well-known that the dependence of the total shear stress
on the distance to the channel wall is linear and in wall units is equal to y+dp+/dx+ =
y+/Reτ , and that further away from the wall the Reynolds stress approaches the total
stress. As Reτ changes, so does the pressure gradient. The corresponding change in the
total stress, equal to ∆y+dp/dx = y+(1/5200 − 1/2000), is shown with a dotted line
in figure 2 and fits the deviation between the QSQH prediction and DNS. Therefore,
the deviation is due to the QSQH theory not taking into account the nonzero pressure
gradient in a channel flow.
4. The effect of the fluctuations of the direction of large-scale skin
friction on the conditional averages of spanwise velocity
For the channel flow at Reτ = 1000, Agostini & Leschziner (2019b) plotted (in different
notation) the conditional average wˆ2(yˆ, uτLx) =
〈
(w (yuτLx)/uτLx)
2
〉∣∣∣
uτLx
versus yˆ =
yuτLx for several values of uτLx = uτL cos θ. Unlike other parameters, the curves of
wˆ(yˆ, uτLx) for different values of uτLx deviated from each other to a certain degree even
quite close to the wall. If the fluctuations of the direction of the large-scale component of
skin friction were negligible (that is if θ = 0), wˆ2 would coincide with w˜2, and according
the QSQH assumption, the curves should be independent of uτL . There are three possible
reasons for the deviation: neglecting the fluctuations of the large-scale component of the
wall friction, the imperfection of the large-scale filter used, and the approximate nature of
the QSQH hypothesis. We will consider first how taking into account that θ 6= 0 affects
this issue. Agostini & Leschziner (2019b) mentioned that using for scaling the large-
scale friction velocity uτL instead of its x-component does not make much difference.
Conditionally averaging the square of (2.9) for fixed uτL and using the filter properties
and symmetry gives〈
w2
u2τL
〉∣∣∣∣
uτL
=
(
U˜2(y˜) + u˜2rms(y˜)− w˜2rms(y˜)
) 〈
sin2Θ
〉∣∣
uτL
+ w˜2rms(y˜). (4.1)
† The comparisons of the increments as Reτ changes from 950 to 2000 and from 1000 to 2000,
not shown here, gave similar results. By coincidence, the same values of ∆
〈
θ2
〉
and ∆
〈
u′2τL
〉
roughly fit also the 950 to 2000 case.
8 S. Chernyshenko
Therefore,
〈
w2/u2τL
〉∣∣
uτL
varies with uτL in proportion to the variation of
〈
sin2Θ
〉∣∣
uτL
.
Since U˜2 is greater than the other terms, (4.1) implies that the increment of
〈
w2/u2τL
〉∣∣
uτL
as uτL varies has the same sign for all values of y˜. However, the shape of the curves of〈
w2/u2τL
〉∣∣
uτL
in figure 4(f) in (Agostini & Leschziner 2019b) shows that in fact this
increment changes the sign at approximately y˜ = 70. Hence, if the QSQH theory were
expected to be valid for y˜ ≈ y+ > 70, accounting for the fluctuation of the direction of
the large-scale wall friction would not explain the discrepancy. For y˜ < 70 taking into
account the fluctuations of the large-scale friction direction might improve the collapse
of the curves of
〈
w2/u2τL
〉∣∣
uτL
provided that
〈
sin2Θ
〉∣∣
uτL
suitably increases with uτL .
The deviation from the QSQH theory might also be caused by the properties of the
bi-dimensional EMD filter used in (Agostini & Leschziner 2019b). Indeed, the EMD
filter does not satisfy properties (i), (iii), and (iv) of the QSQH filter. This, for example,
invalidates the application of (4.1) to the results of (Agostini & Leschziner 2019b). On the
other hand, the EMD filter can be expected to satisfy to a reasonable degree the property
(v), since both the EMD and the conventional Fourier cut-off filter were found to be
effective in separating the scales (Dogan et al. 2018). A deeper analysis is complicated
for the following reasons. The large-scale motions and the small-scale motions obtained
using the bi-dimensional EMD filter are not guaranteed to satisfy continuity. Hence, there
is an exchange of mass, momentum and energy between the large and small scales thus
defined. Also, the small-scale motions defined using the EMD filter are not guaranteed
to have zero average and appear to actually have a nonzero average (see figure 1(b) in
(Agostini & Leschziner 2019b)). As a result, even an intuitive reasoning about the results
obtained using this filter is hard. We have to postpone further judgment until a thorough
analysis of the above features of the bi-dimensional EMD filter becomes available.
It remains to consider the third explanation, namely, that the observed behaviour of
wˆ2(yˆ, uτLx) is caused by the approximate nature of the QSQH theory.
5. Approximate nature and applications of the QSQH theory
Approximate theories are ubiquitous. Their validity is often judged by comparing their
predictions with known answers. Note that for any approximate theory it is easy to
construct a comparison giving an arbitrary large relative error. Let y(x) be the unknown.
Let the exact but unknown formula for it be y = f(x), and let the approximate formula
be y = fa(x). Consider another unknown, z(x), defined as z = y − fa(x). For this
second unknown the approximate theory gives the answer z = 0, the relative error of
which is infinity. When numerous comparisons are made, a situation close to this artificial
construction can occur by chance. For this reason, approximate theories should be judged
by what they can predict rather than by what they cannot predict.
The comparisons in Section 3 clearly illustrate this point. Within the range of wall
distances and Reynolds numbers we considered, the pressure gradient is a much weaker
effect than the quasi-steady-quasi-homogeneous modulation of the near-wall turbulence
by the large-scale structures. To see this one needs only to compare the scales of the
three plots in figure 3. However, if the fidelity of the QSQH theory was judged by the
comparisons for the variation of 〈u′v′〉 , it could be erroneously rejected.
There are flow features that the QSQH theory does not predict by its very nature.
Assuming that the universal velocity is statistically homogeneous in the wall-parallel
directions and that it satisfies continuity and impermeability condition at the wall gives
that the mean wall-normal universal velocity V˜ = 0. Then, applying the large-scale filter
to (2.4), noticing that v = vθ, and using the filter properties gives that the large-scale
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component of the wall-normal velocity is zero: vL = uτL V˜ = 0. Within the QSQH theory,
this is consistent. The theory is based on the assumption that the large scales are much
larger than the small scales, and thus it effectively neglects the derivatives of large-
scale components in wall-parallel directions. Then from continuity and impermeability
condition it indeed follows that vL = 0. On the other hand, in reality the wall-normal
component of the velocity of the large-scale motions is nonzero. Another flow feature not
accounted for by the QSQH theory is the three-dimensional structure of the large-scale
motions. The large-scale motions enter the QSQH theory only through the wall friction,
which is independent of wall-normal distance by definition. This list can be continued.
There are interesting questions concerning the QSQH hypothesis. Will its error tend to
zero as Re →∞ in spite of the smallest of the large scales remaining close to the largest
of the small scales? Does the range of the distances from the wall where the QSQH
theory applies extend as Re increases? At moderate Re the fluctuations of the large-scale
motions are small on average, but there are rare large deviations. Is the QSQH theory
applicable to these rare events? Answering these questions requires further studies.
The similarity between the classical universality hypothesis and the QSQH hypothesis
suggests that these hypotheses should be used similarly. The classical hypothesis describes
a well-known dominant feature of near-wall turbulent flows. This feature can obscure
other physics, unless the wall units are used. Similarly, the QSQH hypothesis describes
a dominant feature of the effect of large-scale motions on the near-wall turbulence.
Similarly, the QSQH mechanisms can obscure other mechanisms, unless the appropriate
QSQH units, corresponding to the ‘tilde’ variables t˜, x˜, y˜, z˜, u˜, v˜, w˜, introduced by (2.3-
2.6), are used. For this reason, the use of these variables is preferable in studies of the
effect of large-scale motion on near-wall turbulence. A very welcome step towards using
the QSQH variables is the study by Agostini & Leschziner (2019b), a part of which we
discussed in Section 4. Even though this work did not account for the fluctuation of the
direction of the wall friction, it provided extensive direct evidence that using the QSQH
variables leads to a better collapse of data than the use of variables in wall units. It is
also the first work where the QSQH variables are used for studying non-QSQH effects.
6. Conclusions
The extension of the QSQH theory proposed in the present paper takes into account
the fluctuations of the large-scale component of the wall friction. It describes the effect of
large-scale motions on all three components of the velocity of near-wall turbulent flows.
The extended theory explains the large sensitivity of the magnitudes urms and wrms of the
fluctuations of longitudinal and spanwise velocities to Reynolds number in comparison
with the sensitivity of the mean velocity profile, the Reynolds stress, and the magnitude
of the fluctuations of the wall-normal velocity. It is shown that the variation of urms with
Re is largely caused by the variation of the amplitude and wall-normal-scale modulation
by the outer, large-scale, Re-dependent motions, while the variation of wrms is largely
caused by the fluctuations of the direction of the large-scale, Re-dependent, component
of the wall friction. The Re dependence of the other second moments is not dominated by
these mechanisms because the mean universal wall-normal velocity is zero. In particular,
the effect of the variation of the mean pressure gradient with Re is stronger than the
QSQH mechanisms as far as the variation of the Reynolds stress with Re is concerned.
The analysis of the quality of the QSQH approximate nature suggests that it is beneficial
to use the units and variables of the QSQH theory instead of the wall units in studies of
flows where the effect of large-scale motions on the near-wall turbulence is relevant.
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Analytic fits for the mean velocity and second moments of velocity
near the wall for a turbulent flow in a plane channel: a supplement for
the paper “Extension of QSQH theory of scale interaction in near-wall
turbulence to all velocity components”
Sergei Chernyshenko
Department of Aeronautics, Imperial College London
s.chernyshenko@imperial.ac.uk
When making comparisons it is sometimes convenient to use analytic fits to
the results of direct numerical simulations, even if only for plotting. Analytic
expressions can also be differentiated, even though this involves a certain loss of
accuracy. The analytic expressions were obtained by fitting the direct numerical
simulation data for a plane channel flow with Reτ = 180, 550, 950, 1000, 2000, 5200.
The DNS data were downloaded from the turbulence.oden.utexas.edu file server.
The calculations are by Hoyas, S. & Jime´nez [1] and Lee & Moser [2]. Fitting
was done over the range of 0 ≤ y+ ≤ 100 using gnuplot command ‘fit’.
The profiles are expressed via the following functions and their powers:
f(y, a, b, c, q, r, p) = y(ay2 + by + c)/(qy2 + ry + 1) + p log(y + 1)
and
f15(y, a, b, c, q, r, p) = y(ay
2 + by + c)/(qy2 + ry + 1) + p(log(y + 15)− log(15)),
log is a natural logarithm, and a, b, c, q, r, p are the fitting parameters. These
expressions in the text form suitable for cutting and pasting into a code are:
f(x,a,b,c,q,r,p) = x*(a*x**2 + b*x+c)/(q*x**2+r*x+1)+p*log(x+1)
f15(x,a,b,c,q,r,p) = x*(a*x**2 + b*x+c)/(q*x**2+r*x+1)+p*(log(x+15)-log(15))
The mean velocity U+(y+), the root mean squares urms =
√〈u′u′〉, vrms =√〈v′v′〉, wrms = √〈w′w′〉, and the Reynolds stress 〈u′v′〉 were fitted. All the
variables are in wall units. The following pages give the representation of the
fitted quantities in terms of f and/or f15, plots with comparisons with DNS, and
expressions in the text form suitable for cutting and pasting into a code. A text
file with all these expressions is provided separately. The notation is intended to
be self-explanatory. LM stands for Lee & Moser and HJ is for Hoyas & Jime´nez,
Re is Reτ based on the channel half-width.
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Figure 1: Mean velocity
U(y) = f(y, a, b, c, q, r, p) = y(ay2 + by + c)/(qy2 + ry + 1) + p log(y + 1)
URe5200LM(x)=f(x,0.000155064859152652,0.124332316558984, 0.585852700238061,0.00960750534540338,0.0589324149643223, 0.493534445516441)
URe2000LM(x)=f(x,0.000154587935701633,0.121945362785562, 0.608802562811952,0.00934699868156456,0.058394426829014, 0.461629411942626)
URe1000LM(x)=f(x,0.000155568705758487,0.118289838303881, 0.619767033981213,0.00906452697385482,0.0562936331642849, 0.448968282677922)
URe0550LM(x)=f(x,0.000159454562845575,0.113267163433361, 0.636816719993512,0.0086861909085036, 0.0537966403282146, 0.428997666967737)
URe0180LM(x)=f(x,0.000164300321807816,0.0961432399193651,0.665040474947198,0.00728557305508607,0.044548055977009, 0.403728726538813)
URe2000HJ(x)=f(x,0.000155003439789658,0.121889353641462, 0.59668758158729, 0.00939945611981467,0.0576292141831145,0.480987959245497)
URe0950HJ(x)=f(x,0.000154946383447842,0.118568062133334, 0.613795545234793,0.00911155818726103,0.0561254847028229,0.457504875767387)
URe0550HJ(x)=f(x,0.000159480212600236,0.115284348323668, 0.619866802062511,0.00887866344547915,0.0541168724687089,0.451237458085645)
URe0180HJ(x)=f(x,0.000166302434061266,0.0963047516739797,0.65762882934244, 0.00736574280029303,0.0438959832544501,0.414636835720395)
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Figure 2: urms
urms(y) = f15(y, a, b, c, q, r, p) = y(ay
2+by+c)/(qy2+ry+1)+p(log(y+15)−log(15))
urmsRe0180LM(x)=f15(x,-2.96511771502127e-06,0.00713098516423203,0.368618519092697,0.00724292079273704,-0.00188104534382705,-0.0939004345943289)
urmsRe0550LM(x)=f15(x, 2.58534223375324e-05,0.0122455777205154, 0.404018861588927,0.00889216822122883, 0.00606957761017823,-0.161778516477361)
urmsRe1000LM(x)=f15(x, 2.78859635192058e-05,0.0128912190206297, 0.411914517490417,0.00914911302483312, 0.0072420062970093, -0.0682978880267656)
urmsRe2000LM(x)=f15(x, 2.62324052566284e-05,0.0134321561634876, 0.418549175660149,0.0093889429802691, 0.00778354559725009, 0.0338138600827896)
urmsRe5200LM(x)=f15(x, 2.42123399342968e-05,0.0137260007931729, 0.42570940965966, 0.00952531539247033, 0.00816310356056566, 0.142743764676396)
urmsRe0180HJ(x)=f15(x,-2.0232289518942e-06, 0.00733887166563185,0.367270461585974,0.007282396904903, -0.00154082404494924,-0.106440998116575)
urmsRe0550HJ(x)=f15(x, 2.60422226343772e-05,0.0121332976235026, 0.402982812604456,0.00885549199322238, 0.00613798778956479,-0.159540875042328)
urmsRe0950HJ(x)=f15(x, 2.4616787538755e-05, 0.012502990497006, 0.40893942174543, 0.00910233275841391, 0.00663208739941688,-0.0569507277015093)
urmsRe2000HJ(x)=f15(x, 2.66287209386734e-05,0.0133615203710217, 0.418719266671255,0.00937082552090975, 0.00775475024639174, 0.0324648258779921)
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Figure 3: vrms
vrms(y) = f
2
15(y, a, b, c, q, r, p) =
(
y(ay2 + by + c)/(qy2 + ry + 1) + p(log(y + 15)− log(15)))2
vsqrtrmsRe0180LM(x)=f15(x, 2.41938530630219e-06,-0.00589206856212848,-0.00776762262782838,0.000828781770821384,0.154590693259966,1.56314045596651)
vsqrtrmsRe0550LM(x)=f15(x,-3.62370968972199e-06,-0.00771444345752978,-0.0132743698870516, 0.0013922374768463, 0.147054321405927,1.85771815751584)
vsqrtrmsRe1000LM(x)=f15(x,-4.1893276442043e-06, -0.00799556103055885,-0.0117451244065584, 0.00146866281868965, 0.147654082043006,1.8856633345211)
vsqrtrmsRe2000LM(x)=f15(x,-4.63204035488413e-06,-0.00823521098799527,-0.00900585799466542,0.00153937507562706, 0.149967447907337,1.8918597191896)
vsqrtrmsRe5200LM(x)=f15(x,-5.54815570335504e-06,-0.0091658705452141, -0.0115209267452397, 0.00167001292415056, 0.157343089533074,1.96548649536376)
vrmsRe0180LM(x)=vsqrtrmsRe0180LM(x)**2
vrmsRe0550LM(x)=vsqrtrmsRe0550LM(x)**2
vrmsRe1000LM(x)=vsqrtrmsRe1000LM(x)**2
vrmsRe2000LM(x)=vsqrtrmsRe2000LM(x)**2
vrmsRe5200LM(x)=vsqrtrmsRe5200LM(x)**2
vsqrtrmsRe0180HJ(x)=f15(x,9.65439923792012e-07,-0.00709909883501314,-0.0127371958888107,0.00105054100367451,0.169102448901133,1.65886763757801)
vsqrtrmsRe0550HJ(x)=f15(x,-4.78060080164494e-06,-0.00864264739332554,-0.0176231572361471,0.00152284981682245,0.155121745948214,1.93455363238752)
vsqrtrmsRe0950HJ(x)=f15(x,-4.46099073773041e-06,-0.00816966657663943,-0.0123845666354246,0.0014956398243829,0.149357021643905,1.89801856396605)
vsqrtrmsRe2000HJ(x)=f15(x,-1.21797163605269e-05,-0.0157105582660346,-0.0416069555393806,0.0023632813495,0.202766339807415,2.41307665699363)
vrmsRe2000HJ(x)=vsqrtrmsRe2000HJ(x)**2
vrmsRe0950HJ(x)=vsqrtrmsRe0950HJ(x)**2
vrmsRe0550HJ(x)=vsqrtrmsRe0550HJ(x)**2
vrmsRe0180HJ(x)=vsqrtrmsRe0180HJ(x)**2
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Figure 4: wrms
wrms(y) = f15(y, a, b, c, q, r, p) = y(ay
2+by+c)/(qy2+rx+1)+p(log(y+15)−log(15))
wrmsRe0180LM(x)=f15(x,-2.04534705125964e-05,-0.00638020344624595,0.121205632571833,0.00231725044396721,0.16939693949413, 1.29171921662097)
wrmsRe0550LM(x)=f15(x,-5.85344373638104e-06,-0.00789945389929343,0.173618817273645,0.00204585414584547,0.179950441311365,1.45966054095059)
wrmsRe1000LM(x)=f15(x,-5.90837356791285e-06,-0.00743709757663359,0.190362109612082,0.00204567529079099,0.176653687437557,1.44339839948606)
wrmsRe2000LM(x)=f15(x,-6.70256935487831e-06,-0.00725894289215538,0.200140297679313,0.00208929203393882,0.172450786312379,1.4726031977162)
wrmsRe5200LM(x)=f15(x,-8.94631764983125e-06,-0.0084598574019162,0.191311317447557,0.00218061920820277,0.166057798726084,1.71943819382951)
wrmsRe0180HJ(x)=f15(x,-4.0412927558585e-05,-0.0170065932647172,0.0495404717376413,0.00304789096947113, 0.189338120863009, 2.43086522096585)
wrmsRe0550HJ(x)=f15(x, 3.32805132121153e-05,0.0272744795173471,0.365649546944411, 0.0062019719528945, 0.198186594343618,-1.41550156068556)
wrmsRe0950HJ(x)=f15(x, 3.20298512131681e-05,0.0265164208411655,0.372681804636301, 0.0062630619696859, 0.195930883247131,-1.30612633893608)
wrmsRe2000HJ(x)=f15(x, 3.10318707015377e-05,0.0273777055381056,0.371979111530335,0.00702168956398879,0.19985554051313, -1.11038827797596)
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Figure 5: Reynolds stress
〈u′v′〉(y) = −f315(y, a, b, c, q, r, p) = −
(
y(ay2 + by + c)/(qy2 + ry + 1) + p(log(y + 15)− log(15)))3
uvmeanonethridRe5200LM(x)=-f15(x,-6.00235084251445e-06,0.0110393880134619, 0.0971494514578099,0.0130740607504558, 0.0560872281771557,0.0756599507715887)
uvmeanonethridRe2000LM(x)=-f15(x,-7.84036407745564e-06,0.0104994462335006, 0.0954735210603693,0.0126525035622012, 0.0529466282944463,0.0839618555498294)
uvmeanonethridRe1000LM(x)=-f15(x,-1.1095556379209e-05, 0.00992872527830186,0.0930050150094885,0.0122329354646834, 0.0494819001584414,0.0964466884083661)
uvmeanonethridRe0550LM(x)=-f15(x,-1.59595147229951e-05,0.0093134863610134, 0.0903362030849532,0.0117460658495685, 0.0462169807046629,0.109839166662012)
uvmeanonethridRe0180LM(x)=-f15(x,-4.21477317909565e-05,0.00628540745070078,0.0746623203329355,0.00944055500852679,0.0314695416519397,0.229052223299449)
uvmeanonethridRe2000HJ(x)=-f15(x,-7.98298357378521e-06,0.0105404260114485, 0.0953981402353763,0.0126992843177695, 0.0529534563160199,0.0843797100585562)
uvmeanonethridRe0950HJ(x)=-f15(x,-1.14314892385872e-05,0.00993283249037142,0.0929962794981221,0.0122221513424288, 0.0495100179460231,0.0959626510640031)
uvmeanonethridRe0550HJ(x)=-f15(x,-1.58957890152675e-05,0.00935492568149067,0.0904621607225798,0.0117681062374765, 0.0463835645296073,0.108764477729061)
uvmeanonethridRe0180HJ(x)=-f15(x,-4.13115872958601e-05,0.00634117288335139,0.0750839076181533,0.00949281371640684,0.0311579741625425,0.225915980134867)
uvmeanRe5200LM(x)=uvmeanonethridRe5200LM(x)**3
uvmeanRe2000LM(x)=uvmeanonethridRe2000LM(x)**3
uvmeanRe1000LM(x)=uvmeanonethridRe1000LM(x)**3
uvmeanRe0550LM(x)=uvmeanonethridRe0550LM(x)**3
uvmeanRe0180LM(x)=uvmeanonethridRe0180LM(x)**3
uvmeanRe2000HJ(x)=uvmeanonethridRe2000HJ(x)**3
uvmeanRe0950HJ(x)=uvmeanonethridRe0950HJ(x)**3
uvmeanRe0550HJ(x)=uvmeanonethridRe0550HJ(x)**3
uvmeanRe0180HJ(x)=uvmeanonethridRe0180HJ(x)**3
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